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Abstract 

We give counterexamples to the Kawamata-Viehweg vanishing theorem on 
ruled surfaces in positive characteristic, and prove that if there is a counterexam- 
ple to the Kawamata-Viehweg vanishing theorem on a geometrically ruled surface 
f : X ^ C, then either C is a Tango curve or all of sections of / are ample. 

1 Introduction 

The study of pathology of algebraic geometry in positive characteristic is of certain 
interest, since pathology reveals some completely different geometric phenomena from 
those in complex geometry. For the celebrated Kodaira vanishing theorem, Raynaud 
|Ra78] has given its counterexamples on quasi-elliptic surfaces and on surfaces of gen- 
eral type, which are smooth over an algebraically closed field k of positive charac- 
teristic. Conversely, Tango jTa72b| and Mukai [Mu79| have shown that if there is a 
counterexample to the Kodaira vanishing theorem on a smooth projective surface X, 
then X must be a quasi-elliptic surface or a surface of general type. It turns out that 
if we restrict our attention to the category of smooth projective surfaces, then those 
well-known pathologies are very restrictive from the point of view of the classification 
theory of surfaces. 

Mumford |Mu67j has shown that if the morphism F* : H^{Oy) — H^{Oy) is not 
injective, where F* is induced by the Frobenius map F -.Y ^ Y for a normal projective 
surface Y, then there are a normal projective surface X, a finite surjective separable 
morphism vr : X — > V, and an ample line bundle C on X such that H^{X, C~^) ^ 0. 
Therefore, in the category of normal projective surfaces, those pathologies exist widely. 

For algebraic surfaces, it suffices to run the minimal model program in the category 
of smooth projective surfaces, while for higher-dimensional varieties, it is inevitable to 
consider either varieties with some mild singularities, e.g. terminal singularities, or log 
pairs with Kawamata log terminal singularities, and indeed, these singularities arise 
naturally in the minimal model program. Therefore, in the classification theory of 
three-dimensional varieties, it is necessary to investigate the birational structure of 
either singular surfaces or log surfaces instead of smooth surfaces. 

As is well known, the Kawamata-Viehweg vanishing thereom generalizes the Ko- 
daira vanishing theorem, and plays an essential role in the higher-dimensional minimal 
model program over the complex number field. Therefore, for the classification of three- 
dimensional varieties in positive characteristic, it is also necessary and interesting to 
find counterexamples to the Kawamata-Viehweg vanishing theorem on either singular 
surfaces or log surfaces, and give certain characterizations of these counterexamples. 
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A smooth projective curve C is called a Tango curve if its Tango invariant n(C) > 0, 
where the Tango invariant n{C) was first introduced by Tango |Ta72aj . An important 
geometric property of a Tango curve C is described as follows: there exists a rank two 
locally free sheaf £ on C such that any quotient line bundle of £ has positive degree, 
however £ is not ample. 

Note that the Kodaira vanishing theorem does hold on smooth ruled surfaces in 
positive characteristic (cf. [Ta72bj ) . However, it is shown that if C is a Tango curve, 
then there exist counterexamples to the Kawamata-Viehweg vanishing theorem on a 
geometrically ruled surface X over C (cf. [Xie06l Example 3.7]). 

The following is the main theorem in this paper, which is almost the converse of 
the above result. 

Theorem 1.1. If there is a counterexample to the Kawamata-Viehweg vanishing the- 
orem on a geometrically ruled surface f : X ^ C , then either C is a Tango curve or 
all of sections of f are ample. 

In fact, we may put forward the following conjecture, which would give a character- 
ization of counterexamples to the Kawamata-Viehweg vanishing theorem on surfaces 
in positive characteristic. 

Conjecture 1.2. // there is a counterexample to the Kawamata-Viehweg vanishing 
theorem on a normal projective surface X, then there exists a dominant rational map 
f : X ---^ C to a smooth projective curve C such that C is a Tango curve. 

The main idea of the proof of Theorem 11.11 is to observe the behavior of cohomol- 
ogy classes of certain line bundles under the Frobenius map. It turns out that the 
construction of |Xie06l Example 3.7] (see also Theorem 13. 1|) and the proof of Theorem 
11.11 are inverse to each other to some extent. As a consequence of the main theorem, 
the Kawamata-Viehweg vanishing theorem holds on Hirzebruch surfaces. More gener- 
ally, we can prove that the Kawamata-Viehweg vanishing theorem holds on rational 
surfaces jXie071 Theorem 1.4], hence on log del Pezzo surfaces, which is an evidence 
for Conjecture 11.21 

In this paper, we also generalize slightly the construction of |Xie061 Example 3.7] to 
yield counterexamples to the Kawamata-Viehweg vanishing theorem on certain general 
ruled surfaces and on certain normal projective surfaces of Picard number one with a 
nonrational singularity (see Corollaries 13.31 and 13. 5|) . All of results indicate that the 
pathologies of log surfaces do exist widely. 

In ^ we shall recall some definitions and elementary results, ^may be regarded 
as a survey of counterexamples to the Kawamata-Viehweg vanishing theorem on ruled 
surfaces, ^is devoted to the proof of the main theorem. 

Convention and Notation. Throughout this paper, we always work over an alge- 
braically closed field k of characteristic p > unless otherwise stated. A surface X 
is called a ruled surface over a smooth curve C if there is a morphism f : X ^ C 
such that f^Ox = Cc a-nd the general fibre of / is P^, and it is called a geometrically 
ruled surface if X is a P^-bundle over C. We use = to denote numerical equivalence, 
[B] = J2[bi]Bi to denote the round-down of a Q-divisor B = ^ftjSj, and K{C) to 
denote the rational function field of a curve C. 
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2 Preliminaries 

Definition 2.1. Let X be a normal proper algebraic variety over an algebraically 
closed field k, and B = '^hiBi an effective Q-divisor on X. The pair {X,B) is said 
to be Kawamata log terminal (KLT, for short), or to have Kawamata log terminal 
singularities, if the following conditions hold: 

(i) Kx + is Q-Cartier, i.e. r{Kx + B) is Cartier for some r € N; 

(ii) For any birational morphism / : y — s- X, if we write Ky + By = f*{Kx + -B), 
where By = ^ aiEi is a Q-divisor on 1", then < 1 hold for all i. 

First, it follows from (ii) that [B] = 0, i.e. 6j < 1 for all i. Secondly, this definition is 
characteristic free. Thirdly, when char(/c) = or dimX < 2, the pair {X^B) admits a 
log resolution, i.e. there exists a desingularization f -.Y ^ X from a nonsingular variety 
y, such that the union of the strict transform f^^B of B and the exceptional locus 
Exc(/) of / has simple normal crossing support. We can show that when char(A:) = 
or dimX < 2, (ii) holds for all birational morphisms is equivalent to that (ii) holds for 
a log resolution of {X, B). 

Let us mention a simple example of KLT pair. Let X be a nonsingular variety 
and B an effective Q-divisor on X such that [B] = and Supp(i3) is simple normal 
crossing. Then {X,B) is KLT (see |KM981 Corollary 2.31] for the proof). 

The Kawamata- Viehweg vanishing theorem is one of the most important general- 
izations of the Kodaira vanishing theorem (cf. [KMM871 Theorem 1-2-5]). 

Theorem 2.2 (Kawamata- Viehweg vanishing). Let X he a normal projective algebraic 
variety over an algebraically closed field k with char(fc) = 0, B = ^biBi an effective 
Q-divisor on X, and D a Q-Cartier Weil divisor on X. Assume that {X,B) is KLT 
and that H = D — {Kx + B) is ample. Then H'^(X, D) = holds for any i > 0. 

From now on, we always assume that C is a smooth projective curve over an alge- 
braically closed field k of characteristic p > 0. First, we recall the following definition 
from |Ta72a[ Definit ions 9 and 11]. 

Definition 2.3. Let / € K{C) be a rational function on C. 

n{f) := deg 

L P 

where (df) = Ylix<^c'^x{df)x is the divisor associated to the rational differential 1-form 
df . The Tango invariant n(C) of the curve C is defined by 

n{C) := max{n(/) [ / G KiC), f KP{C)}. 

If / KP{C), then (df) is a canonical divisor on C with degree 2{g{C) — 1). It is 
easy to see that n(C) < [2[g{C) - l)/p]. Therefore, if n(C) > then g{C) > 2 holds. 
On the other hand, it follows from |Ta72al Proposition 14] that n{C) > holds if 
g{C) > 1. By an elementary calculation, we can show that n(pi) = -1 and n(C) = 
holds for any elliptic curve C. 
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Example 2.4. There do exist smooth projective curves C such that n{C) > for each 
characteristic p > 0. 

(i) Assume p > 3. Let /i > 3 be an odd integer, and let C be the projective 
completion at infinity of the affine curve defined by = + xP+^ + 1. It is easy to 
verify that C is a smooth hyperelliptic curve and that {d{y/xP)) = {ph—3)zoo, where Zoo 
is the infinity point of C (cf. pIM Ch. Ill, §6.5]). Hence n{C) = n{y/xP) = h-l>0. 

(ii) Let > 2 be an integer, and let C be the projective completion at infinity of 
the Artin-Schreier cover of the affine line defined by y^P~^ = xP — x. It is easy to verify 
that C is a smooth curve and that [dy) = p{h{p — 1) — 2)zoo; where Zqo is the infinity 
point of C. Hence n(C) = n{y) = - 1) - 2 > (cf. [Ra78j ). 

(iii) Assume p > 3. Let C C be the projective curve defined by Xq"^^ = 
xiX2{x^^ + x^^ — x^^). Then we can show that C is a smooth curve with n{C) = 
n{xo/xi) =p-2>0 (cf. |Ta72ai Proposition 28]). 

Let F : C — > C be the Frobenius map. We have the following exact sequences of 
locally free sheaves on C (cf. |Ta72al Proposition 3]): 

o^B^ ^ F^nlj ^n}.^o, (2) 

where is the image of the map F,,((i) : F^Oc — > F^Q,^, and c is the Cartier operator. 

Lemma 2.5. Notation as above, let L be a divisor on C. Then H^(C,B^{—L)) = 
{df j / G K{C), (df) > pL}. In particular, n{C) > if and only if there is an ample 
divisor L on C such that H^{C,B^{-L)) / 0. 

Proof. Tensor ing ([2]) by Oc{—L), we have: 

^ B^{-L) ^ F,{nl{-pL)) '^^^ ^ci-L) ^ 0. 

By the definition of B^ and H^{C,Vt\;{-pL)) = {uj e ^c\{oj) > pL}, we have 
H^{C,B^{-L)) = {df\f G K{C), (df) > pL}. If n(C) > 0, then there exists an 
/o G K{C) such that n(/o) = deg[(d/o)/p] = n(C) > 0. Let L = [{dfo)/p]. Then we 
have degL = n(C) > and (dfo) > pL, hence / d/o G [C , B^ {- L)) . The converse 
follows easily from the definition of n{C). □ 

Definition 2.6. A smooth projective curve C is called a Tango curve if n(C) > 
holds. Let C be a Tango curve and /o G K{C) such that n(/o) = n(C). Then the 
divisor L = [{df^j/p] is called a base divisor of C. A base divisor L is said to be 
divisible if is integral when p > 3, or is integral when p = 2. A. Tango curve C 
is said to be of integral type if there is a divisible base divisor L of C. 

A smooth projective curve C is called a Raynaud- Tango curve, if there are an 
/o G K{C) and an integral divisor L on C such that (d/o) = pL and degL > 0. If this 
is the case, then Kc = pL, n{C) = n{fo) = degL > and L is a base divisor of C. 

For instance, the curve C given in Example 12.41 (i) is a Tango curve of integral 
type, and the curve C given in Example 12.41 (ii) is a Raynaud- Tango curve of integral 
type for some suitable h when p = 2, while the curve C given in Example 12.41 (iii) is a 
Tango curve, which is not of integral type. 
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3 Counterexamples to the Kawamata-Viehweg vanishing 



In [XieOGl Example 3.7], some counterexamples to the Kawamata-Viehweg vanishing 
theorem on certain geometrically ruled surfaces have been constructed. We recall and 
simplify the explicit construction for the convenience of the citation. 

Theorem 3.1. If C is a Tango curve, then there are a -bundle f : X ^ C, an 
effective Q-divisor B and an integral divisor D on X such that (X, B) is KLT and 
H = D — {Kx + B) is ample. However, we have H^{X, D) ^ 0. 

Proof. By Lemma 12.5^ we can take a base divisor L of C such that degL = n(C) > 
and H'^{C,B'^{-L)) ^ 0. Let £ = Oc{L). Tensoring the exact sequence (P) by 
and taking cohomology groups, we have the following exact sequence: 

^ H^{C,B\-L)) ^ H\C,C-^) ^ H^CC-P). 

Since r] is injective, we can take an element / a G H^{C,B^{—L)) such that ^ 
r]{a) € H^{C,C^^), which determines the following extension of £ by Oc- 

O^Oc^S^C^O. (3) 

Pulling back the exact sequence ([3]) by the Frobenius map F, we have the following 
split exact sequence: 

^ Oc ^ F*£ ^ CP ^ 0, (4) 

since the extension class of ([!]) is just F*r]{a) = 0. 

Let X = F{£) be the P^-bundle over C, / : X ^ C the projection, the 
tautological line bundle and F the fibre of /. The sequence ^ determines a section E of 
/ through the map H^{C,Oc) ^ H^{C,£) = H'^{X,Ox{l)), hence Ox{E) ^ Ox{l). 
The sequence @ induces an exact sequence: 

^ Oc ^ F*£ ^ £~P C^P 0, 

which determines a section t G H^{X, Ox{p)®f*C~P) through the maps H^{C, Oc) ^ 
H°{C,F*£ ® C~P) ^ H^{C,SP{£) C-p) = H^{X,Ox{p) ® f*C-P). The section t 
determines an irreducible curve C on X such that Ox{C') = Ox{p) ® f*C~P. It is 
easy to verify that both E and C are smooth over k, and E D C = f}>. 

Let p = char(A;) and let c be a rational number such that 1/p < c < 1 and cp Z. 
Then q = [cp] — 1 is a nonnegative integer. Let B = cC and D = qE + f*{Kc — qL). 
Then we have H = D - {Kx + B) = {[cp] + 1 - cp)E + {cp - [cp])f*L. It is easy to 
see that {X,B) is KLT. Since E"^ = deg£ = deg>C > 0, is a nef and big divisor on 
X. Furthermore, since E is /-ample, H is an ample Q-divisor on X. 

Next we show H'^{X, D) / 0. Since L>|ir is nef on F ^ P^, we have R^f^Ox{D) = 
and f^Ox{D) is a locally free sheaf on C. By the Leray spectral sequence, we have 

H\X,D) = H\CJ,Ox{D)) 

= H'{C, {f.Ox{D)r ^ ujcV = H\C, {f.Ox{D - f*Kc)yY 
= H^{C,S''{£y ^c^Y . 
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Since is a quotient sheaf of S'^{S), C is a subsheaf of 5"'(f )^. Thus we have 

which is desired. 

Finally, we give some ordinary settings for later use: 

(tl) p>3, c=l/2: q=E^,B = lC',D=I^E + nKc-^L). 

(t2) p=2,c= 2/3: q = 0, B = |C', D = f*Kc. 

(t3) p = 3, c = 5/6: q = 1, B = |C", D = E + f*{Kc - L). 

□ 

Note that in Theorem I3.H X is a geometrically ruled surface and Supp(i?) is a 
smooth curve. We can generalize this counterexample slightly to a new one where X 
is a general ruled surface and Supp(i?) is simple normal crossing. First, we need the 
following vanishing result |KKl Corollary 2.2.5], which holds in arbitrary characteristic. 

Lemma 3.2. Let h : X ^ X he a proper birational morphism between normal surfaces 
with X smooth and with exceptional locus E = Uf^^Ei. Let L be an integral divisor 
on X , < hi, ■■■ ,bs < 1 rational numbers, and N an h-nef Q- divisor on X . Assume 
L = K^ + Y,t=i biEi + N. Then we have R^KO^{L) = 0. 

Corollary 3.3. If C is a Tango curve, then there are a ruled surface f : X ^ C, 
an effective Q-divisor B and an integral divisor D on X such that {X, B) is KLT and 
D — {K^ + B) is ample. However, we have H^{X, D) ^ 0. 

Proof. With the same notation and construction as in Theorem 13. 1^ let h : X ^ X 
be a birational morphism such that X is smooth and that h~^B U Exc(/i) has simple 
normal crossing support. Denote f = foh: X^C the induced morphism and write 

s 

+ h^^B = h*{Kx + B) + Y, 

i=l 

where Ei are exceptional curves of h and Oj > — 1 for all 1 < i < s. 

Let '~a~^ (resp. {a}) be the round up (resp. fractional part) of a real number a. Let 
D = h*D + Ei=i^ai^^i. Then we have 

s 

D = K^ + Y^{-ai}Ei + h*{D- {Kx + B)) + h^^B. 

1=1 

Since h*{D - {Kx + B)) + h'^B is /i-nef, we have R^KO^iD) = by LemmaO 
We can take < 5i, - ■ ■ ,6s<^l such that 

(i) {—Oi} + 5i < 1 holds for any 1 < i < s, and 

(ii) h*{D - {Kx + B)) - J2t=i SiEi is ample. 
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Let B = h-^B + Ei=i({-ai} + 5i)Ei. Then {X,B) is KLT and D - {K^ + B) = 
h*{D — {Kx + B)) — J2i=i ^i^i ample. By the Leray spectral sequence and the pro- 
jection formula, we have H^{X,D) ^ H^{X,KO^{D)) = H^{X,D) / 0. Therefore, 

we obtain a general ruled surface f : X ^ C, which also yields a counterexample to 
the Kawamata-Viehweg vanishing theorem. □ 

Remark 3.4. In a similar manner, we can generalize |Xie06l Examples 3.9 and 3.10] 
slightly to new ones which are counterexamples to the logarithmic Kollar vanishing 
and the logarithmic semipositivity theorems on certain general ruled surfaces. 

From the construction in Theorem 13. H we can yield a normal projective surface of 
Picard number one with a nonrational singularity, on which the Kawamata-Viehweg 
vanishing theorem fails. 

Corollary 3.5. Let C be a Raynaud- Tango curve with char(/c) = p >2>. Then there 
are a normal projective surface Y of Picard number one with a nonrational singularity, 
a Q-Cartier Weil divisor D' on Y such that D' — Ky is ample. However, we have 
H\Y,D') / 0. 

Proof. We follow the same notation and construction as in Theorem 13.11 Since E 
is irreducible and E'^ > 0, by |Fu83l Theorem 1.10], E is semiample, i.e. a suitable 
multiple of E is base-point-free and defines a birational morphism ir : X ^ Y such that 
y is a normal projective surface. As a consequence, tTj^E is an ample Q-Cartier Weil 
divisor on Y. Since p{X) = 2, the exceptional locus of vr consists of only one irreducible 
curve, which is just C since E D C = (J). Hence the Picard number p{Y) = 1. Let 
y = 7r*(C") € Y. Then y is the only one singular point of Y, which is nonrational since 
g{C') = g{C) > 2. 

Let n = n{C) = degL and g = g{C). Since C is a Raynaud- Tango curve, we have 
Kc = pL and 2g — 2 = pn. The following constants a, b are introduced to simplify the 
argument. 

• When p > 5, we define a = {p + l)/p and b = {p + 3)/2p and we use the setting 
(fl) in Theorem EH In particular, we have D = ^E + f*{Kc - ^L). 

• When p = 3, we define a = 4/3 and b = 2/3 and we use the setting (f3) in 
Theorem 13.11 In particular, we have D = E + f*{Kc — L). 

By using the relations Kx = -2E + f* {Kc + L) and C = pE - pf*L and through 
a direct calculation in the corresponding settings, we can easily show that: 

(i) p{Kx + aC') is linearly equivalent to p(ip — 1)£', hence Ky = -k^^^Kx + aC) is 
ample Q-Cartier and we have Kx = TT*Ky — aC; 

(ii) p{D + bC) is linearly equivalent to p^E, hence -k^^D = -k^^^D + bC) is Q-Cartier 
and we have D = 7r*7r*L) — bC. 

It follows easily from (i) that Y is not KLT. Let D' = tt^D. Then D' is a Q-Cartier 
Weil divisor on Y by (u). Note that D' - Ky = ■k^{D - Kx) = n^H + B) = n^H is 
ample on Y. 

Since D = 7r*TT^D — bC with < 6 < 1, we have [7r*7r*Z)] = D. By the projection 
formula, we have n^OxiD) = Oy{'ir^D). Since D = Kx + cC + H, where < c < 1 
and H is ample, we have R^TT^,OxiD) = by Lemma [3.21 By the Leray spectral 
sequence, H^{Y,D') = H^{Y,Oy{TT^D)) = H^{Y,tt^Ox{D)) = H^{X,D) ^ 0. □ 
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From the construction in Theorem 13. 11 we can give a more general statement which 
generaUzes and clarifies, to some extent, the construction of counterexamples to the 
Kodaira vanishing theorem given in |Ra78j . We sketch out the proof for the convenience 
of the reader. 

Theorem 3.6. If C is a Tango curve of integral type, then there is a fihration g : 
y — > C from a smooth projective surface Y , such that there are counterexamples to the 
Kodaira vanishing, the Kolldr vanishing and the semipositivity theorems on Y . 

Proof. With the same notation and construction as in Theorem 13.11 we can obtain a 
P^-bundle f : X ^ C over the Tango curve C of integral type. Let L be a divisible 
base divisor of C, and let 



N = 

Then by definition, is integral. Let 

M -- 



\L ifp>3, 
if p = 2. 



\{E + C') ifp>3, 
UE + C) Hp = 2. 



Then by a simple calculation, one sees that M is integral. We can take a cyclic cover 
: Y ^ X oi degree 2 or 3 associated to the line bundle Ox{M) with branch locus 
E U C, which is the same as in |Ra78j . Let g = f o ip : Y ^ C he the induced 
morphism. Since both E and C are smooth over k and n C" = 0, y is a smooth 
projective surface over k by |EV921 Lemma 3.15 (b)]. 

Let E = ((^*£')i.ed and D = Ky + E + g*N. Then through a direct calculation, we 
can verify that D — Ky is ample and H^{Y, D) ^ 0, which yields a counterexample to 
the Kodaira vanishing theorem on Y . 

Let M = Oc{N). Then through a direct calculation, we can prove that 



's(P'^y^{£)0M^^P(E)UJc ifp>3, 
ujc ifp = 2, 



hence H^{C,M ^ g*uJy) 7^ holds, which yields a counterexample to the Kollar van- 
ishing theorem for g -.Y ^ C (cf. [Ko861 Theorem 2.1]). 

Finally, through a direct calculation, we can show that g*coy/c has a quotient line 
bundle J\f~^ which is of negative degree, which yields a counterexample to the semi- 
positivity theorem for g : Y ^ C (cf. |Fu78l Theorem 2.7] and the general statement 
|Ka81l Theorem 5]). □ 

We may regard |Xie061 Examples 3.7, 3.9 and 3.10] as logarithmic counterparts of 
Theorem 13.61 in some sense. However, in general, it seems impossible to yield coun- 
terexamples in the absolute case corresponding to Corollaries 13.31 and 13.51 bv means of 
blowing-ups and divisorial contractions from the construction in Theorem 13.61 



4 Proof of the main theorem 

In this section, we shall prove the main theorem in the following explicit form. 
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Theorem 4.1. Let f : X C be a ¥^-bundle over a smooth projective curve C . Let 
D he an integral divisor on X, B an effective (J-divisor on X such that {X, B) is KLT 
and that H = D — {Kx + B) is ample. Assume H^{X, D) ^ 0. Then either 

(i) C is a Tango curve, or 

(a) all of sections of f are ample. 

Before proving Theorem 14.11 we need some auxiliary lemmas. The first one is 
a special case of a result proved in |Ta72b| . while we sketch out the proof for the 
convenience of the reader. 

Lemma 4.2. Let f : X ^ C be a ¥^ -bundle over a smooth projective curve C , and C 
an ample line bundle on X. Then H^{X, C~^) = 0. 

Proof. Let F : X ^ X he the Frobenius map. Then we have the following exact 
sequences of Ox-modules: 

^Ox ^F^Ox ^B], -0, 

where Bj. = im(F,(ci) : F^Ox ^ F^x)- 

By means of the above sequences, we have the following implications for all ample 
line bundles C: H^{X, f]^ = ^ H^{X, F^x ^ ^~^) = ^ H^{X, B\ 
C-^) = ^ H^{X,C-^) H^{X,C-P) is injective =^ H^{X,C-^) = by Serre 
vanishing. Through a direct calculation, one can show that H^{X,n\ (g) C'^) = 
holds for any ample line bundle >C on X, so we are done. □ 

Lemma 4.3. Let C be a smooth projective curve, and C a line bundle on C with 
AegC < 0. Let £ be a locally free sheaf on C fitting into the following exact sequence: 

O^Oc^S^C^O. (5) 

Then for any n>0 and any quotient line bundle Q of S'^{£), we have deg^ > ndegC. 

Proof. Consider the exact sequence S"'{£) — > ^ — 0. If n = 0, then we have Q = Oc 
and the conclusion is trivial. Assume n > 1. Let a € H^{C, C^^) be the extension 
class of the exact sequence ([5]) . After pulling back ([5]) by the iterated Frobenius map 
F"^, we have the following exact sequence: 

O^Oc^ F"'*S ^ ^ 0. (6) 

We claim that there exists an mo € N such that the exact sequence ([6]) is split for any 
m > rriQ. Indeed, the extension class of ^ is just F"^*{a) G H^{C, C^^"^). Since 
is ample, there exists an mg € N such that the cohomology group H^{C,C^p"^) = 
for any m > tuq. Therefore, F^*{£ ® = Qq for any m > tuq. 

Let M be an ample line bundle on C. Then F"'*{£(g)C~^)(g)M = {£-P"'^M)eM 
is an ample vector bundle on C. For the exact sequence ) ^ — > 0, tensoring 
C~^, pulling back by the iterated Frobenius map F"^ and tensoring M"^ successively, 
we have the following exact sequence: 
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Since F'^*{8 ® C'^) is an ample vector bundle, we have S'"(F™*(£' C'^) ® M) 
is ample by |Ha661 Theorem 6.6]. Hence its quotient {Q C""")^ ^A^" is also ample. 
Thus p™'(deg G — n deg £) + n deg > holds for any in > niQ. As a consequence, we 
have deg^ > ndeg£. □ 

Lemma 4.4. Let C be a smooth projective curve, and f : X = F(8) C a -bundle 
associated to a rank two locally free sheaf 8 on C . Let ip : B ^ C be a surjective 
morphism from a smooth projective curve B, and Xb = X Xq B the fibre product. Let 
R be an irreducible curve on X, and Rb = R Xc B the corresponding curve on Xb- 
Then the following assertions hold: 

(i) g : Xb B is the ¥^-bundle associated to the locally free sheaf ip* 8 on B. 

(ii) Lf R is a section of f : X ^ C , then Rb is a section of g : Xb — > B. 

(Hi) Assume that both ip : B ^ C and /[r : R ^ C are purely inseparable of degree 
p^. Then Rb is a section of g : Xb B. In particular, if : R ^ C is of degree 1 
then R is a section of f. 

Rb cXb^^RcX 
f 

B 

Proof, (i) It is obvious by the functoriality of projective space bundles. 

(ii) If i? is a section of /, then Rb = R Xq B = B, i.e. Rb is a section of g. 

(iii) ip : B ^ C is purely inseparable of degree p", i.e. K{B)/K{C) is a purely 
inseparable field extension of degree p". By |Ha77l Proposition IV. 2. 5], we can assume 
that (p : B = Cpn — > C is the iterated /c-linear Probenius map. The conclusion of (iii) 
can be verified locally, so we may assume that C = Spec A and ip is induced by the 
p^-th power map A ^ A, and that X = Spec^[x], where x is an indeterminant. Hence 

: Xb ^ X is induced by the ring homomorphism A[x\ — > A[x\, which is defined by 
a I— > a^", X I— > x. Therefore ip : Xb ^ X is a purely inseparable finite morphism of 
degree p" . 

Since : i? — > C is purely inseparable of degree p", so is o : i?*^ — > C, where 
V : R^ — > i? is the normalization of R. We can also assume that /|/joi/ : R^ = Cpn C 
is the iterated fe-linear Frobenius map. Let R = Specj4i. Then A is the integral 
closure of Ai in its quotient field. Since (/|_r o i/)* : A — A is the p"-th power 
map, it is obviously injective. Hence (/|r)* : ^ ^ is also injective, which implies 
AP^ (Z Ai (Z A. Thus we have Rb = Spec( A (8)^1^1), where the ^-module structures of 
A and Ai are induced by the p"-th power map from A, and g\Rg : Rb ^ B is induced 
hy A ^ A Ai, a a 1. Define the morphism s : i? — > Rb by A CS)a ^1 A, 
a ® h ^ ah. We can verify that the morphism s is well-defined and induces a section 
oig:XB^B. □ 

The following lemma has been proved in [ScOll Proposition 3.3]. 

Lemma 4.5. Let C be a smooth projective curve, f : X ^ C a -bundle, and R an 
irreducible curve on X. If R^ < 0, then : R ^ C is purely inseparable. 

Proof. Let K be the separable closure in the field extension K{R) / K{C). Then 
K{R)/K is purely inseparable and K/K{C) is separable. Since K/K{C) is a primitive 
extension, we can assume that K = K(C)[x]/{h(x)), where h{x) is a monic irreducible 
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separable polynomial over K{C). Let K' be the splitting field of h{x). Then K' /K{C) 
is a Galois extension. Note that there exists a surjective morphism ip : B ^ C from 
a smooth projective curve B such that K{B) = K' . Let ^ be the generic point of the 
curve R, ip~^{£,) = {^ii " " " > Vn} the generic points of the preimage tlj~^{R), and Ri the 
irreducible curves on Xb determined by r/j. It is easy to see that K{B) ®k(c) K is a. 
product of copies of K{B), and the factors are just the function fields of the curves Ri. 
Therefore the set {rji, ■ ■ ■ , ry„} is permuted by the Galois group Gal{K (B) / K (C)) and 
degh{x) = n. Hence we have Rf = ■ ■ ■ = R'^. If the self-intersection is nonnegative, 

then we have H \-Rnf > 0, which contradicts R"^ < 0. Thus Rj = ■ ■ ■ = R^ < Q. 

Since p{Xb) = 2, we have degh{x) = n = 1, hence K = K{C) and K{R)/K{C) is 
purely inseparable. □ 

Let us start the proof of Theorem 14.11 First of all, we need some reductions. 

Let B = Y^biBi. We may assume that each irreducible component of Supp(i?) is 
of negative self-intersection. Indeed, if there is a component Bq of B such that Bq > 0, 
then we define B' = B - h^B^ and H' = H + boB^. Note that D = Kx + B + H = 
Kx + B' + H', {X, B') is KLT and H' = D - {Kx + B') is ample since Bq is nef. 
Therefore we have only to prove Theorem 14.11 for the triple {X, B' ,D). 

If B = then H = D — Kx is an ample integral divisor, hence we have H^{X, D) = 
H^{X,—HY = by Lemma 1121 which contradicts the assumption H^{X,D) ^ 0. 
Therefore we have B ^ 0. 

Since p{X) = 2, there exists at most one irreducible curve of negative self-intersection 
on X. This fact will be used frequently in the later argument. Therefore, Supp(-B) 
consists of just one irreducible curve of negative self-intersection. We fix the following 
notation throughout the proof of Theorem 14.11 

B = cC , where < c < 1 and C is an irreducible curve on X with C'2 < 0. 

Let -E be a section of f : X —i- C, £ = f^Ox{E) and C = f^OEiE). Then £ is a 
rank two locally free sheaf on C such that X = ¥{£) and £ is an invertible sheaf on 
C, which fit into the following exact sequence: 

^ Oc ^ £ ^ C ^ 0. (7) 

Denote —e = E'^ = deg£ = degf , F the fibre of /. We divide into two cases by e. 

Case (A). Assume e > 0. 

Assume C = aE + bF. If C ^ E, then we have a > and b > ae > 0, hence C'^ = 
a{2b — ae) > 0, which is absurd. Therefore we have C' = E and — e = E'^ = C ^ < 0. 
Assume H = xE + yF. Since H is ample, we have x > and y > xe > 0. 

By Serre duality, we have h^{F,D\F) = h^{F,KF - D\f) = h°{F, {Kx - D)\f) = 
h^{F, -{H + B)\f) = 0. Hence R^f^Ox{D) = 0, f*Ox{D) is a locally free sheaf on C 
by Grauert's theorem. It follows from the Leray sepctral sequence that H^{X,D) = 
H^C, f,Ox{D)). By Serre duality, we have H^{C, f,Ox{D)) = H^{C, {f,Ox{D)Y ® 
u:cY = H%C, {hOx{D - rKcWy. 

Note that D - f*Kc = Kx/c + H + B = {x + c - 2)E + {y - e)F and f : X ^ C 
is a P^-bundle, so there exists a divisor G on C of degree y — e such that D — f*Kc = 
{x + c-2)E + f*G. lfx + c-2<0 then we have f*Ox{D - f*Kc) = 0, hence 
H^{X,D) = H°{C,{f^Ox{D - f*Kc)YY = 0, which contradicts the assumption 
H\X, D) / 0. Thus we have x + c-2>Q. 
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Note that {f^Ox{D - f*Kc)Y) = 5(^+^-2) (f)^ ^ Oc{-G)) / 0, so 

a nonzero section s determines the following exact sequence: 

where 5 = S^^^'^^'^\£Y ® ^ci~G) and Q is the cokernel of s. Consider the inverse 
image in 5 of the torsion subsheaf of Q, we can denote it by Oc{Gi), where Gi is an 
effective divisor on C of degree di > 0. Denote the quotient S/Oc{Gi) by Qi, then 
Qi is a locally free sheaf on G and we have the following exact sequence: 

^ OciGi) ^S^Qi^O. 

Taking the dual of this sequence, we have a surjective homomorphism 5^ — > Oc{—Gi), 
which yields the exact sequence S'^^~^'^~'^\£) Oc{-G - Gi) 0. 

Applying Lemma [Ol to S^^~^^~'^\£) Oc{—G — Gi) ^ 0, we have the inequality 
— (y — e) — di > —{x + c — 2)e, i.e. —di > {y — xe) + (1 — c)e > 0, which contradicts 
di > 0. Therefore Case (A) cannot occur. 

Case (B). Assume e < 0. 

From the former argument, it follows that f : X ^ G has no section of negative 
self-intersection. So we can assume that X = ¥(£) with £ normalized and there is a 
section E such that Ox{E) = and E"^ = deg£ = — e > 0. Therefore we have 

the following exact sequence: 

Q^Oc^£^C^Q, (8) 

where C is an ample line bundle on C. 

By Lemma 14.51 we have f\c' ■ G' ^ G is purely inseparable of degree p". If n = 
then G' is a section of f : X ^ G with negative self-intersection, which is absurd by 
the former argument. Therefore /Ic : C" — > C is the iterated A:-linear Frobenius map 
of degree > 1. Furthermore, the exact sequence ([8]) is not split. Otherwise, there 
would be a section of / : X ^ C with negative self-intersection, which is absurd by 
the former argument. 

Subcase (B-1). Assume that E is not ample. 

In this subcase, since E is nef and big, but not ample, we have an irreducible curve 
Ci such that E.Gi = 0, hence < by the Hodge index theorem. Thus we have 
Ci = G' and ii^nC" = 0. By Lemma (ii) and (iii), Eb and G'^ are disjoint sections 
of the P^-bundle g : Xb B, where (p : B ^ G is the iterated /j-linear Frobenius map 
of degree p". This implies that after pulling back hy ip : B ^ G, the exact sequence ([8]) 
becomes split (cf. |Ha77t Exercise V.2.2]). Therefore, we can assume that there exists 
an m > 1 such that the pulling back of ^ by F^~^ is not split, while the pulling back 
of dSD by F"^ is split. 

For the exact sequence ([T]), tensoring C~p and taking cohomology groups, we 
have the following exact sequence: 

- H\G,B^ C-'P"^'") - H\G,C-P'"-') ^ hHG,C-p"'). 

Let a G H^{G, C~^) be the extension class of the exact sequence ([8]). By assumption, 
we have / F"'-^*{a) G H^{G, C-p""'' ) and = F"'*{a) € H^{G,C-p""). Therefore, 
we have 7^ F™'~^*(a) € H^{G,B^ (g) C^^ ) by the above exact sequence. As a 
consequence, we have F°(C, (g) C'f"' ) / 0, hence n(C) > by Lemma ESI 



12 



Subcase (B-2). Assume that E is ample. 

Since £ is normalized and E is ample, it is easy to see that all of sections of 
f : X ^ C are ample, which completes the proof of Theorem 14.11 

We give some remarks on Subcase (B-2). 

Remark 4.6. (i) Subcase (B-2) occurs only if g{C) > 2. Indeed, if C = P"*^ then we 
would have e > by |Ha77l Corollary V.2.13], which contradicts the assumption e < 0. 
If g{C) = 1 and write C = p^E + hF, then we have b > \p'^e by |Ha771 Proposition 
V.2.21]. Hence we would have C'^ > 0, which contradicts the assumption C"^ < 0. 

(ii) The pulling back of the exact sequence ([8]) by -F™ never be split for any m € N. 
Indeed, if we assume the contrary then Oc would be a direct summand of the ample 
vector bundle F'^*£, hence would be ample, which is absurd. 

(iii) By [ScOlj Theorem 3.5], we can show that there is an irreducible curve E' on 
X such that : E' —>^ C is purely inseparable of degree p"^, E'"^ > and £''nC" = 0. 
Thus E' is not a section of /. If m < n then we can follow a similar argument to 
Subcase (B-1) to show n{C) > 0. However, the case m > n is complicated, and it 
seems that we cannot yield any contradiction from the existence of such E' . 

The following corollary is a consequence of Theorem 14.11 

Corollary 4.7. Let f : X ^ C be a -bundle over a smooth projective curve C. 
Then the Kawamata-Viehweg vanishing theorem holds on X if one of the following 
conditions holds: 

(i) One of sections of f has self-intersection less than or equal to 0, 

(ii) n{C) < and one of sections of f is not ample, 
(Hi) g{C) < 1. 

Note that in Subcase (B-2), the ampleness of E is equivalent to the ampleness of 
£ by |Ha66t Proposition 3.2], so we may take the following problem into account. 

Problem 4.8. Let f : X = F{£) ^ C be a -bundle, where £ is a rank two locally free 
sheaf on C with g{C) > 2. Assume £ is normalized and ample. Does the Kawamata- 
Viehweg vanishing theorem hold on X? 

Although there is no evidence, we expect that Problem 14.81 holds true. Problem 
14. 8t together with Theorem 14. H implies the following conjecture, which would give a 
characterization of counterexamples to the Kawamata-Viehweg vanishing theorem on 
geometrically ruled surfaces. 

Conjecture 4.9. Let C be a smooth projective curve. Then there exists a counterexam- 
ple to the Kawamata- Viehweg vanishing theorem on certain geometrically ruled surface 
over C if and only if C is a Tango curve. 

Note that Conjecture 14.91 is a special case of Conjecture 11.21 On the other hand, 
it is of certain interest to consider the following conjecture, which is the converse of 
Theorem 13.61 and similar to Conjecture ll.2[ 

Conjecture 4.10. // there is a counterexample to the Kodaira vanishing theorem on 
a smooth projective surface Y , then there exists a fibration g : Y ^ C to a smooth 
projective curve C such that the general fibre of g is a singular rational curve and C 
is a Tango curve of integral type. 
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